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subsets of [n] whether they ontain at least one defetive element. The goal is to�nd all defetives using as few tests as possible. One an easily see that in thisgenerality the best solution is to test every set of size 1. Usually we have someadditional information like the exat number of defetives (or some bounds onthis number) and it is also frequent that we do not have to �nd all defetivesjust some of them or even just to tell something about them.In the ase when we have to �nd a single defetive it is well-known that theinformation theoreti lower bound is sharp: the number of questions needed inthe worst ase is ⌈logn⌉, whih an be ahieved by binary searh.Another well-known version of the problem is when the maximum size of atest is bounded. (Motivated by the idea that too large tests are not supposed tobe reliable, beause a small number of defetives may not be reognized there).This version an be solved easily in the adaptive ase, but is muh more di�ultin the non-adaptive ase. This latter version was �rst posed by Rényi. Katona[5℄ gave an algorithm to �nd the exat solution to Rényi's problem and he alsoproved the best known lower bound on the number of queries needed. The bestknown upper bound is due to Wegener [7℄.In this paper we assume that the presene of defetive elements in a test set
Q an be reognized if and only if their number is large enough ompared to thesize of Q. More preisely for a test Q ⊆ [n] the answer is yes if and only if thereare at least α|Q| defetive elements in Q. Our goal is to �nd at least m defetiveelements using tests of this kind.De�nition 1. Let g(n, k, α,m) be the least number of questions needed in thissetting, i.e. to �nd m defetive elements in an underlying set of size n whihontains at least k defetive elements, where the answer is yes for a question
Q ⊆ [n] if and only if there are at least α|Q| defetive elements in Q.We suppose throughout the whole paper that 1 ≤ m ≤ k and 0 < α < 1. Let
a = ⌊ 1

α⌋, that is, a is the largest size of a set where the answer no has the usualmeaning, namely that there are no defetive elements in the set. It is obviousthat if a set of size greater than k/α is asked then the answer is automatiallyno, so we will suppose that question sets has size at most k/α. All logarithmsappearing in the paper are binary.It is worth mentioning that a similar idea appears in a paper by Damashke[1℄ and a follow-up paper by De Bonis, Gargano, and Vaaro [2℄. Sine theirmotivation is to study the onentration of liquids, their model deals with manyspei� properties arising in this speial ase and they are interested in thenumber of merging operations or the number of tubes needed in addition to thenumber of tests.If k = m = 1, then the problem is basially the same as the usual settingwith the additional property that the question sets an have size at most a: thisis the above mentioned problem of Rényi. As we have mentioned, �nding theoptimal non-adaptive algorithm, or even just good bounds is really hard even inthis simplest ase of our model, thus in this paper we deal only with adaptivealgorithms.



In the next setion we give some upper and lower bounds as well as someonjetures depending on the hoies of n, k, α, and m. In the third setionwe prove our main theorem, whih gives a general lower and a general upperbound, di�ering only by a onstant depending only on k. In the fourth setionwe onsider some related questions and open problems.2 Upper and lower boundsFirst of all it is worth examining how binary searh, the most basi algorithmof searh theory works in our setting. It is easy to see that it does not workin general, not even for m = 1. If (say) k = 2 and α = 0.1, then questionsets have at most 20 elements (reall that we supposed that there are no queriesontaining more than k/α elements, sine they give no information at all, beausethe answer for them is always no), thus if n is big, we annot perform a binarysearh.However, if k ≥ nα, then binary searh an be used.Theorem 1. If α ≤ k/n, then g(n, k, α,m) ≤ ⌈logn⌉+ c, where c depends onlyon α and m, moreover if m = 1, then c = 0.Proof. We show that binary searh an be used to �nd m defetives. That is,�rst we ask a set F of size ⌊n/2⌋ and then the underlying set is substituted by Fif the answer is yes and by F if the answer is no. We iterate this proess untilthe size of the underlying set is at most 2m/α. Now we hek that the ondition
α ≤ k/n remains true after eah step. Let n′ = ⌊n/2⌋ be the size of the newunderlying set and k′ be the number of defetives there. If the answer was yes, then k′ ≥ αn′, thus α ≤ k′/n′. If the answer was no, then there are at least
k − ⌈αn′⌉+ 1 defetives in the new underlying set, that is k′ ≥ k − ⌈αn′⌉+ 1 ≥
αn− ⌈αn′⌉+ 1 ≥ αn′, thus α ≤ k′/n′ again.Now if m = 1 we simply ontinue the binary searh until we �nd a defetiveelement, altogether using at most ⌈logn⌉ questions.If m > 1, then we an �nd m defetives in the last underlying set using atmost c := maxn′≤2m/α g(n′,m, α,m) further queries.(Notie that sine the size of the last underlying set is greater than m/α, itontains at least m defetives.) This number c does not depend on k, just on αand m and it is obvious that we used at most ⌈logn⌉+ c queries altogether. �This theorem has an easy, yet very important orollary. If the answer for aquestion A is yes, then there are at least α|A| defetive elements in A. If α|A| ≥
m, then we an �nd m of these defetives using g(|A|, α|A|, α,m) ≤ log |A| + cquestions, where c depends only on α and m. Basially it means that wheneverwe obtain a yes answer, we an �nish the algorithm quikly.The proof of Theorem 1 is based on the fat that if the ratio of the defetiveelements k/n is at least α, then this ondition always remains true during binarysearh. If k/n < α, then this trik does not work, however if the di�erenebetween k/n and α is small, a similar result an be proved for m = 1. Reallthat a = ⌊1/α⌋.



Theorem 2. If k ≥ n
a − ⌊log n

a ⌋ − 1 and k ≥ 1, then g(n, k, α, 1) ≤ ⌈logn⌉+ 1.The proof of the theorem is based on the following lemmas.Lemma 1. Let t ≥ 0 be an integer. Then g(2ta, 2t − t, α, 1) ≤ t+ ⌈log a⌉.Proof. We use indution on t. For t = 0 and t = 1 the proposition is true,sine we an perform a binary searh on a or 2a elements (by asking sets ofsize at most a we learn whether they ontain a defetive element). Suppose nowthat the proposition holds for t, we have to prove it for t+ 1. That is, we havean underlying set of size 2t+1a ontaining at least 2t+1 − t − 1 defetives. Our�rst query is a set A of size 2ta. If the answer is yes , then we an ontinuewith binary searh. If the answer is no, then there are less than α2ta ≤ 2tdefetives in A, therefore there are at least 2t+1 − t − 1 − 2t + 1 = 2t − tdefetives in A. By the indution hypothesis g(2ta, 2t− t, α, 1) ≤ t+⌈log a⌉, thus
g(2t+1a, 2t+1 − t − 1, α, 1) ≤ t + 1 + ⌈log a⌉ follows, �nishing the proof of thelemma. �Lemma 2. Let t ≥ 2 be an integer. Then g(2ta, 2t− t−1, α, 1) ≤ t+⌈log a⌉+1.Proof. Let us start with asking three disjoint sets, eah of ardinality 2t−2a. Ifthe answer to any of these is yes, then we an ontinue with binary searh, using
t − 2 + ⌈log a⌉ additional questions. If all three answers are no, then there areat least 2t − t− 1− 3(2t−2 − 1) = 2t−2 − (t− 2) defetives among the remaining
2t−2a elements, hene we an apply Lemma 1. �Proof (of Theorem 2). Let us suppose n > 2a (otherwise binary searh works)and let t = ⌊log n

a ⌋, r = n− 2ta. We have an underlying set of size n = 2ta+ rontaining at least n
a − ⌊log n

a ⌋ − 1 defetives. If r = 0, then by Lemma 2 weare done. Otherwise let the �rst query A ontain r elements. A positive answerallows us to �nd a defetive element by binary searh on A using altogether atmost ⌈logn⌉+1 questions (atually, at most ⌈logn⌉ questions, beause r ≤ n/2).If the answer is negative then the new underlying set ontains 2ta elements, ofwhih more than n
a−⌊log n

a ⌋−αr−1 = 2t+r/a−αr−⌊log n
a ⌋−1 ≥ 2t−⌊log n

a ⌋−1are defetive. Sine ⌊log n
a ⌋ = t, the number of defetives is at least 2t − t, thusby Lemma 1 we need at most t+⌈log a⌉ more queries to �nd a defetive element,thus altogether we used at most t+1+ ⌈loga⌉ ≤ ⌈logn⌉+1 queries, from whihthe theorem follows. �One might think that binary searh is the best algorithm to �nd one defetiveif it an be used (i.e. for k ≥ nα). A ounterexample for k really big is easy togive: if k = n then we do not need any queries and for m = 1, k = n− 1 we needjust one query. It is somewhat more surprising that g(n, αn, α, 1) ≥ ⌈logn⌉ isnot neessarily true.For example, the ase n = 10, k = 4, α = 0.4,m = 1 an be solved using 3queries: �rst we ask a set A of size 4. If the answer is yes, we an perform abinary searh on A, if the answer is no then there are at least 3 defetives among



the remaining 6 elements and now we ask a set B of size 2. If the answer is yesthen we perform a binary searh on B, otherwise there are at least 3 defetivesamong the remaining 4 elements, so one query (of size 1) is su�ient to �nd adefetive. However, a somewhat weaker lower bound an be proved:Theorem 3. g(n, k, α,m) ≥ ⌈log(n− k + 1)⌉.We prove the stronger statement that even if one an use any kind of yes-noquestions, still at least ⌈log(n − k + 1)⌉ questions are needed. This is a slightgeneralization of the information theoreti lower bound.Theorem 4. To �nd one of k defetive elements from a set of size n, one needs
⌈log(n− k + 1)⌉ yes-no questions in the worst ase and this is sharp.Proof. Suppose there is an algorithm that uses at most q questions. The numberof sequenes of answers obtained is at most 2q, thus the number of di�erentelements seleted by the algorithm as the output is also at most 2q. This meansthat n− 2q ≤ k− 1, otherwise it would be possible that all k defetive elementsare among those ones that were not seleted. Thus q ≥ ⌈log(n− k + 1)⌉ indeed.Sharpness follows easily from the simple algorithm that puts k − 1 elementsaside and runs a binary searh on the rest. �Theorem 3 is an immediate onsequene of Theorem 4, but this is not truefor the sharpness of the result. However, Theorem 3 is also sharp: if α ≤ 2

n−k+1 ,then we an run a binary searh on any n − k + 1 of the elements to �nd adefetive.We have seen in Theorem 1 that if n ≤ k/α, then binary searh works (withsome additional onstant number of questions if m > 1). On the other hand, if
n goes to in�nity (with k and α �xed), then the best algorithm is linear.Theorem 5. For any k, α, m

n

a
+ c1 ≤ g(n, k, α,m) ≤

n

a
+ c2,where c1 and c2 depend only on k, α, and m.Proof. Upper bound: �rst we partition the underlying set into ⌊n

a ⌋ a-elementsets and possibly one additional set of less than a elements. We ask eah of thesesets (at most ⌊n
a ⌋+ 1 questions). Then we hoose m sets for whih we obtaineda yes answer (or if there are less than m suh sets, then we hoose all of them).We ask every element one by one in these sets (at most ma questions). One aneasily see that we �nd at least m defetive elements, using at most ⌊n

a ⌋+ma+1questions.Lower bound: We use a simple adversary's strategy: suppose all the answersare no and there arem elements identi�ed as defetives. Let us denote the familyof sets that were asked by F . It is obvious that those sets of F that have sizeat most a ontain no defetive elements. Suppose there are i suh sets. We useindution on i. There are n′ ≥ n − ia elements not ontained in these sets and



we should prove that at least n
a + c1 − i ≤ n′

a + c1 other questions are needed.Hene by the indution it is enough to prove the ase i = 0.Suppose i = 0. If there is a set A of size k + 1, suh that |A ∩ F | ≤ 1 for all
F ∈ F , then any k-element subset of |A| an be the set of the defetive elements.In this ase any element an be non-defetive, a ontradition. Thus for everyset A of size k + 1 there exists a set F ∈ F , suh that |A ∩ F | ≥ 2.Let b = ⌊ k

α⌋. We know that every set of F has size at most b. Then a given
F ∈ F intersets at most ∑k+1

j=2

(

b
j

)(

n−b
k+1−j

)

(k + 1)-element sets in at least twopoints. This number is O(nk−1), and there are Ω(nk+1) sets of size k+1, hene
|F| = Ω(n2) is needed.It follows easily that there is an n0, suh that if n > n0, then |F| ≥ n

a .Now let c1 = −n0/a. If n > n0 then |F| ≥ n
a ≥ n

a + c1, while if n ≤ n0 then
|F| ≥ 0 ≥ n

a + c1, thus the number of queries is at least n
a + c1, �nishing theproof. �Remark. The theorem easily follows from Theorem 7, it is inluded here beauseof the muh simpler proof.It is easy to give a better upper bound for m = 1.Theorem 6. Suppose k + log k + 1 ≤ ⌈n

a ⌉. Then
g(n, k, α, 1) ≤

⌈n

a

⌉

− k + ⌈log a⌉.Proof. First we ask a set X of size ka. If the answer is yes, then we an �nda defetive element in ⌈log ka⌉ steps by Theorem 1. In this ase the number ofquestions used is at most 1+⌈log ka⌉ = 1+⌈log k+log a⌉ ≤ 1+⌈logk⌉+⌈log a⌉ ≤
⌈n
a ⌉ − k + ⌈log a⌉, where the last inequality follows from the ondition of thetheorem.If the answer is no, then we know that there are at most k − 1 defetivesin X , so we have at least one defetive in X. Continue the algorithm by askingdisjoint subsets of X of size a, until the answer is yes or we have at most 2aelements not yet asked. In these ases using at most ⌈log 2a⌉ questions we aneasily �nd a defetive element, thus the total number of questions used is atmost 1+ ⌈n−ka−2a

a ⌉+ ⌈log 2a⌉ = 1+ ⌈n
a ⌉−k−2+ ⌈loga⌉+1 = ⌈n

a ⌉−k+ ⌈loga⌉,�nishing the proof. �Note that if the ondition of Theorem 6 does not hold (that is, k+log k+1 >
⌈n
a ⌉), then k ≥ n

a−⌊log n
a ⌋−1, hene ⌈logn⌉+1 questions are enough by Theorem2. The exat values of g(n, k, α,m) is hard to �nd, even for m = 1. The al-gorithm used in the proof of Theorem 6 seems to be optimal for m = 1 if

k+ log k+1 ≤ ⌈n
a ⌉. However, ounterexamples with 1/α not an integer are easyto �nd (onsider i.e. n = 24, k = 2, α = 2

11 ).Conjeture 1 If 1
α is an integer and k + log k + 1 ≤ ⌈n

a ⌉, then the algorithmused in the proof of Theorem 6 is optimal for m = 1.



It is easy to see that Conjeture 1 is true for k = 1. For other values of k itwould follow from the next, more general onjeture.Conjeture 2 If 1
α is an integer, then g(n, k, α, 1) ≤ g(n, k + 1, α, 1) + 1.Obviously, Conjeture 2 also fails if 1/α is not an integer. One an see forexample that g(24, 1, 2/11, 1) = 7 and g(24, 2, 2/11, 1) = 5.3 The main theoremIn this setion we prove a lower and an upper bound di�ering only by a on-stant depending only on k. For the lower bound we need the following simplegeneralization of the information theoreti lower bound.Proposition 1. Suppose we are given p sets A1, . . . , Ap of size at least n, eahone ontaining at least one defetive and an additional set A0 of arbitrary sizeontaining no defetives. Let m ≤ p. Then the number of questions needed to�nd at least m defetives is at least ⌈m logn⌉.Proof. Suppose that we are given the additional information that every set Ai(i ≥ 1) ontains exatly one defetive element. Now we use the informationtheoreti lower bound: there are∏p

i=1 |Ai| possibilities for the distribution of thedefetive elements at the beginning, and at most∏p−m
i=1 |Aji | at the end (supposewe have found defetive elements in every set Ai exept in Aj1 , . . . , Ajp−m

), thusif we used l queries, then 2l ≥ nm, from whih the proposition follows. �Now we formulate the main theorem of the paper.Theorem 7. For any k, α, m
n

a
+m log a− c1(k) ≤ g(n, k, α,m) ≤

n

a
+m log a+ c2(k),where c1(k) and c2(k) depend only on k.Proof. First we give an algorithm that uses at most n

a +m log a+ c2(k) queries,proving the upper bound. In the �rst part of the proedure we ask disjoint sets
A1, A2, . . . , Ar of size a until either there were m yes answers or there are nomore elements left. In this way we ask at most ⌈n

a ⌉ questions.Suppose we obtained yes answers for the sets A1, A2, . . . Am1 and no answersfor the sets Am1+1, . . . , Ar. If m1 ≥ m, then in the seond part of the proedurewe use binary searh in the sets A1, A2, . . . , Am in order to �nd one defetiveelement in eah of them. For this we need m⌈log a⌉ more questions.If m1 < m, then �rst we use binary searh in the sets A1, A2, . . . , Am1 inorder to �nd defetive elements a1 ∈ A1, a2 ∈ A2, . . . , am1 ∈ Am1 . Then weiterate the whole proess using S1 = ∪m1

i=1Ai \ {ai} as an underlying set, that iswe ask disjoint sets B1, B2, . . . , Bt of size a until either we obtain m −m1 yesanswers or there are no more elements left. Suppose we obtained yes answers



for the sets B1, B2, . . . Bm2 and no answers for the sets Am2+1, . . . , At. If m2 ≥
m−m1, then in the seond part of the proedure we use binary searh in the sets
B1, B2, . . . , Bm−m1 in order to �nd one defetive element in eah of them, whileif m2 < m −m1, then �rst we use binary searh in the sets B1, B2, . . . , Bm2 inorder to �nd defetive elements b1 ∈ B1, b2 ∈ B2, . . . , bm2 ∈ Am2 and ontinuethe proess using S2 = ∪m2

i=1Bi \ {bi} as an underlying set, and so on, until we�nd m = m1 + m2 + . . . + mj defetive elements. Note that mi ≥ 1, ∀i ≤ j,sine k ≥ m. We have two types of queries: queries of size a and queries of sizeless than a (used in the binary searhes). The number of questions of size a isat most ⌈n
a ⌉ in the �rst part and at most m1 +m2 + . . .+mj−1 < m ≤ k in theseond part. The total number of queries of size less than a is at most m⌈log a⌉,thus the total number of queries is at most ⌈n

a ⌉+m⌈log a⌉+k, proving the upperbound.To prove the lower bound we need the following purely set-theoreti lemma.Lemma 3. Let k, l, a be arbitrary positive integers and β > 1. Let now H bea set system on an underlying set S of size c(k, l, β) · a = kβ(2kl − 1)a, suhthat every set of H has size at most βa and every element of S is ontained inat most l sets of H. Then we an selet k disjoint subsets of S (alled heaps)
K1,K2, . . . ,Kk of size βa, suh that every set of H intersets at most one heap.Proof. Let us partition the underlying set into k heaps of size βa(2kl − 1) in anarbitrary way. Now we exeute the following proedure at most kl − 1 times,eventually obtaining k heaps satisfying the required onditions. In eah iterationwe make sure that the members of a subfamily H′ of H will interset at mostone heap at the end.In eah iteration we do the following. We build the subfamily H′ ⊆ H bystarting from the empty subfamily and adding an arbitrary set of H to oursubfamily until there exists a heap Ki suh that |Ki ∩ ∪H∈H′H | ≥ |Ki|/2, thatis Ki is at least half overed by H′. We all Ki the seleted heap. If the halfof several heaps gets overed in the same step, then we selet one where thedi�erene of the number of overed elements and the half of the size of the heapis maximum.Now we keep the overed part of the seleted heap and keep the unoveredpart of the other heaps and throw away the other elements. We also throw awaythe sets of the subfamily H′ from our family H, as we already made sure thatthe members of H′ will not interset more than one heap at the end. In this waywe obtain smaller heaps but we only have to deal with the family H \H′.We prove by indution that after s iterations all heaps have size at least
βa(2kl−s − 1). This trivially holds for s = 0. By the indution hypothesis, theheaps had size at least βa(2kl−s+1−1) before the sth iteration step. After the sthstep the new size of the seleted heap K is at least |K|/2 ≥ βa(2kl−s+1− 1)/2 ≥
βa(2kl−s − 1). Now we turn our attention to the unseleted heaps. Supposethe set we added last to H′ is the set I. Clearly, |Kj ∩ ∪H∈H′\{I}H | ≤ |Kj |/2for all j. Let K be the seleted heap and Ki be an arbitrary unseleted heap.Now by the hoie of K we have |Ki ∩ ∪H∈H′H | ≤ |Ki|/2 + |I|/2, otherwise



|Ki∩∪H∈H′H |+ |K∩∪H∈H′H | > |Ki|/2+ |K|/2+ |I|, whih is impossible, sine
|Ki∩∪H∈H′H |+ |K∩∪H∈H′H | = |((Ki∪K)∩∪H∈H′\{I}H)∪ ((Ki∪K)∩I)| ≤
|Ki|/2 + |K|/2 + |I|.Now sine |I| ≤ βa, the new size of the unseleted heap Ki is |K ′

i| = |Ki \
∪H∈H′H | ≥ |Ki|/2−βa/2 ≥ βa(2kl−s+1−1)/2−βa/2 ≥ βa(2kl−s−1), �nishingthe proof by indution.Now in eah iteration we delete a family that overs the seleted heap, thusany heap an be seleted at most l times, sine every element is ontained in atmost l sets. After kl − 1 iterations the size of an arbitrary heap will be still atleast βa. Furthermore, all but one heaps were seleted exatly l times, thus anyremaining set of H an only interset the last heap. That is, heaps at this pointsatisfy the required ondition for all sets of H.If we an iterate the proess at most kl− 2 times, then after the last possibleiteration more than half of any heap is not overed by the union of the remainingsets. Deleting the overed elements from eah heap we obtain heaps of size atleast βa that satisfy the ondition. �Now we are in a position to prove the lower bound of Theorem 7. We usethe adversary method, i.e. we give a strategy to the adversary that fores thequestioner to ask at least n

a + m log a − c1(k) questions to �nd m defetiveelements.Reall that all questions have size at most ⌊k/α⌋ and now the adversary givesthe additional information that there are exatly k defetive elements.During the proedure, the adversary maintains weights on the elements. Atthe beginning all elements have weight 0. Let us denote the set of the possibledefetive elements by S′. At the beginning S′ = S. At eah question A thestrategy determines the answer and also adds appropriate weights to the elementsof A. If a question A is of size at most a = ⌊1/α⌋, then the answer is no andweight 1 is given to all elements of A. If |A| > a, the answer is still no and weight
a/⌊k/α⌋ is given to the elements of A. Thus after some r questions the sum ofthe weights is at most ra. If an element reahes weight 1, then the adversary saysthat it is not defetive, and the element is deleted from S′. The adversary doesthat until there are still ca elements in S′ but in the next step S′ would beomesmaller than this threshold (the exat value of c will be determined later). Up tothis point the number of elements thrown away is at least n− ca− ⌊k/α⌋, thusthe number of queries is at least n

a − c− ⌊k/α⌋/a ≥ n
a − c− k.Let the set system F onsist of the sets that were asked up to this point andlet F ′ = {F ∩ S′ | F ∈ F , |F | > a}.The following observations are easy to hek.Lemma 4.� |S′| ≥ ca.� Every set F ∈ F ′ has size at most ⌊k/α⌋ ≤ k(a+ 1) ≤ 2ka� Every element of S′ is ontained in at most ⌊k/α⌋/a ≤ k(1+ 1/a) ≤ 2k setsof F ′.



� Every k-set that intersets eah F ∈ F ′ in at most one element is a possibleset of defetive elements.Now let l := 2k, β := 2k, and c := c(k, l, β) = kβ(2kl − 1) = 2k2(22k
2

− 1).By the observations above, we an apply Lemma 3 with H = F ′. The lemmaguarantees the existene of heaps K1,K2, . . . ,Kk of size βa ≥ a, suh that everytransversal of the Ki's is a possible k-set of defetive elements. Now by applyingProposition 1 with Ai = Ki and A0 = S \ S′, we obtain that the questionerneeds to ask at least ⌈m log a⌉ more queries to �nd m defetive elements.Altogether the questioner had to use at least n
a −c−k+m loga queries, whihproves the lower bound, sine the number c depends only on k (the onstant inthe theorem is c1(k) = c+ k). �The onstant in the lower bound is quite large, by a more areful analysisone might obtain a better one. For example, we ould rede�ne the weights, suhthat we give weight a/|A| to the elements of A, thus still distributing weight atmost a per asked set.It is also worth observing that if 1/α is an integer, then we an use Lemma3 with l = β = k, instead of l = β = 2k. This way one an prove stronger resultsfor small values of k and m if 1/α is an integer. We demonstrate it for k = 2 inthe next setion. The following laim is easy to hek.Claim. Let H be a set system on an underlying set S of size 3a, onsisting ofdisjoint sets of size at most 2a. Then we an selet 2 disjoint subsets of S (alledheaps) K1,K2 of size at least a, suh that every set of H intersets at most oneheap.4 The ase k = 2In this setion we determine the exat value g(n, 2, α, 1). Let δ = ⌊2{ 1

α}⌋, where
{x} denotes the frational part of x.Consider the following algorithm W, where n denotes the number of remain-ing elements:If n ≤ 2⌈log a⌉ + 1, we ask a question of size ⌊n/2⌋ ≤ a, then depending onthe answer we ontinue in the part that ontains at least one defetive element,and �nd that with binary searh.If 2⌈log a⌉ + 2 ≤ n ≤ 2⌈log a⌉+1 + 1, then we ask a question of size 2⌈log a⌉ + 1(this falls between a and 2a+ 1). If the answer is yes, we put an element asideand ontinue with the remaining elements of the set we asked, otherwise weontinue with the elements not in the set we asked. This way independent ofwhether we got a yes or no answer, we have at most 2⌈log a⌉ elements with atleast one defetive, hene we an apply binary searh.If 2⌈log a⌉+1 + 2 ≤ n ≤ 3a + δ + 2⌈log a⌉, then �rst we ask a question of size
2a + δ. If the answer is yes, we put an element aside and ontinue with theremaining elements of the set we asked, otherwise we ontinue with the elementsnot in the set we asked. This way independent of whether we got a yes or no



answer, we have at most 2⌈log a⌉ + a elements with at least one defetive. Weontinue with a set of size a, and after that we an �nish with binary searh.If n ≥ 3a+ δ + 2⌈log a⌉ + 1, then we ask a question of size a. If the answer isno, we proeed as above. If the answer is yes, we an �nd a defetive elementwith at most ⌈log a⌉ further questions.Counting the number of questions used in eah ase, we an onlude.Claim. If n ≤ 3a+δ+2⌈log a⌉, then algorithmW takes only ⌈log(n−1)⌉ questions,thus aording to Theorem 4 it is optimal.In fat a stronger statement is true. Note that the following theorem doesnot ontradit to Conjeture 1, as the algorithm mentioned there uses the samenumber of steps as algorithm W in ase k = 2, 1/α is an integer and ⌈n/a⌉ ≥ 4.Theorem 8. Algorithm W is optimal for any n.Proof. We prove a slightly stronger statement, that algorithm W is optimal evenamong those algorithms that have aess to an unlimited number of extra non-defetive elements. This is ruial as we use indution on the number of elements,
n. It is easy to hek that the answer for a set that is greater than 2a + δ isalways no, while if both defetive elements are in a set of size 2a+ δ, then theanswer is yes. We say that a question is small if its size is at most a, and big ifits size is between a+ 1 and 2a+ δ. Note that small questions test if there is atleast one defetive element in the set, while big questions test if both defetiveelements are in the set. Suppose by ontradition that there exists an algorithmZ that is better than W, i.e. there is a set of elements for whih Z is faster thanW. Denote by n the size of the smallest suh set and by z(n) the number of stepsin algorithm Z. We will establish through a series of laims that suh an n annotexist. It already follows from Claim 4 that n has to be at least 3a+δ+2⌈loga⌉+1.Note that for n = 3a+ δ+2⌈log a⌉ algorithm W uses ⌈log(n− 1)⌉ = ⌈log(2a+
δ − 1)⌉+ 1 questions. An important tool is the following lemma.Lemma 5. If n ≥ 3a+ δ+ 2⌈log a⌉ + 1, then algorithm Z has to start with a bigquestion. Moreover, it an ask a small question among the �rst z(n)−⌈log(2a+
δ − 1)⌉ questions only if one of the previous answers was yes.Proof. First we prove that algorithm Z has to start with a big question. Supposeit starts with a small question. We show that in ase the answer is no, it annotbe faster than algorithm W. In this ase after the �rst answer there are at least
n − a (and at most n − 1) elements whih an be defetive, and an unlimitednumber of non-defetive elements, inluding those whih are elements of the �rstquestion. By indution algorithm W is optimal in this ase, and one an easilysee that it annot be faster if there are more elements, hene algorithm Z annotbe faster than algorithm W on n − a elements plus one more question. On theother hand algorithm W learly uses this many questions (as it starts with aquestion of size a), hene it annot be slower than algorithm Z.



Similarly, to prove the moreover part, suppose that the �rst z(n)−⌈log(2a+
δ−1)⌉ answers are no and one of these questions, A is small. Let us delete everyelement of A. By indution algorithmW is optimal on the remaining at least n−aelements, hene similarly to the previous ase, algorithm Z uses more questionsthan algorithm W on n − a elements, hene annot be faster than algorithmW. More preisely, we an de�ne algorithm W', whih starts with asking A, andafter that proeeds as algorithm W. One an easily see that algorithm W' annotbe slower than algorithm Z or faster than algorithm W. �Note that a yes answer would mean that ⌈log(2a+ δ− 1)⌉ further questionswould be enough to �nd a defetive with binary searh, hene in the worstase, (when the most steps are needed) no suh answer ours among the �rst
z(n) − ⌈log(2a + δ − 1)⌉ questions anyway. Now we an �nish the proof of thetheorem with the following laim.Claim. If n > 3a+ δ + 2⌈log a⌉, then algorithm W is optimal.Proof. If not, then the smallest n for whih W is not optimal must be of the form
2a+ δ + 2⌈log a⌉ + za+ 1, where z ≥ 1 integer. (This follows from the fat thatthe number of required questions is monotone in n if we allow the algorithmto have aess to an unlimited number of extra non-defetive elements.) Byontradition, suppose that algorithm Z uses only ⌈log(2a+δ−1)⌉+z questions.Suppose the answer to the �rst z questions are no. Then by to Lemma 5, thesequestions are big. Suppose that the z + 1st answer is also no. We distinguishtwo ases depending on the size of the z + 1st question A. In both ases we willuse reasoning similar to the one in Theorem 5Case 1. The z + 1st question is small. After the answer there are ⌈log(2a+
δ − 1)⌉ − 1 questions left, so depending on the answers given to them, anydeterministi algorithm an hoose at most 2⌈log(2a+δ−1)⌉−1 elements. Henealgorithm Z gives us after the z+1st answer a set B of at most 2⌈log(2a+δ−1)⌉−1elements, whih ontains a defetive.Before starting the algorithm, all the (

n
2

) pairs are possible andidates tobe the set of defetive elements. However, after the z + 1st question (knowingthe algorithm) the only andidates are those whih interset B. The z + 1stquestion shows at most a non-defetive elements, but all the pairs whih intersetneither A nor B have to be exluded by the �rst z questions. Thus (n−|A|−|B|
2

)

≥
(

2a+δ+2⌈log a⌉+za+1−a−2⌈log(2a+δ−1)⌉−1

2

)

≥
(

(z+1)a+δ+1
2

) pairs should be exluded,but z questions an exlude at most z(2a+δ
2

) pairs, whih is less if z ≥ 1.Case 2. The z + 1st question is big. After it we have ⌈log(2a + δ − 1)⌉ − 1questions left, so depending on the answers given to them, any deterministi algo-rithm an hoose at most 2⌈log(2a+δ−1)⌉−1 elements. This means that we have toexlude with the �rst z+1 questions at least (2a+δ+2⌈log a⌉+za+1−2⌈log(2a+δ−1)⌉−1

2

)

≥
(

(z+2)a+δ+1
2

) pairs. But they an exlude at most (z + 1)
(

2a+δ
2

) pairs, whih isless if z ≥ 1. �This �nishes the proof of the theorem. �



5 Open problemsIt is quite natural to think that g(n, k, α,m) is inreasing in n but we did notmanage to prove that. The monotoniity in k and m is obvious from the de�-nition. On the other hand, we ould have de�ned g(n, k, α,m) as the smallestnumber of questions needed to �nd m defetives assuming there are exatly kdefetives (instead of at least k defetives) among the n elements, in whih asethe monotoniity in k is far from trivial. We onjeture that this de�nition givesthe same funtion as the original one.It might seem strange to look for monotoniity in α, but we have seen thatfor m = 1 we an reah the information theoreti lower bound (whih is ⌈log(n−
k+1)⌉ in this setting) for α ≤ 2/(n−k+1). All the theorems from Setion 2 alsosuggest that the smaller α is, the faster the best algorithm is even for general
m. Basially in ase of a no answer it is better if α is small, and in ase of ayes answer the size of α does not matter very muh, sine the proess an be�nished fast. However, we ould only prove Theorem 7 onerning this matter.Another interesting question is if we an hoose α. If m = 1 then we shouldhoose α ≤ 1/(n− k+1), and as we have mentioned in the previous paragraph,we believe that a small enough α is the best hoie.Another possibility would be if we were allowed to hoose a new α for everyquestion. Again, we believe that the best solution is to hoose the same, smallenough α every time. This would obviously imply the previous onjeture.Finally, a more general model to study is the following. We are given twoparameters, α ≥ β. If at least an α fration of the set is defetive, then theanswer is yes, if at most a β fration, then it is no, while in between the answeris arbitrary. With these parameters, this paper studied the ase α = β. Thismodel is somewhat similar to the threshold testing model of [1℄, where insteadof ratios α and β they have �xed values a and b as thresholds.Referenes1. Damashke, P.: The algorithmi Complexity of Chemial Treshold Testing, algo-rithms and omplexity (Rome, 1997), 205�216, Leture Notes in Comput. Si.,1203, Springer, Berlin (1997)2. De Bonis, A., Gargano, L., Vaaro, U.: E�ient algorithms for hemial thresholdtesting problems. Theoret. Comput. Si. 259 , no. 1�2, 493-511. (2001)3. Dorfman,R.: The Detetion of Defetive Members of Large Populations, Ann.Math. Statistis 14 436�440. (1943)4. Du, D.Z., Hwang, F.K.: Combinatorial Group Testing and Its Appliations, WorldSienti�, �rst ed., (1994)5. Katona, G.O.H.: On separating systems of a �nite set, J. Combinatorial Theory 1,174�194. (1966)6. Katona, G.O.H.: Rényi and the Combinatorial Searh Problems, Studia Si. Math.Hungar. 26, 363�378. (1991)7. Wegener, I.: On separating systems whose elements are sets of at most k elements,Disrete Math. 28, 219�222. (1979)


